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Abstract. We give elementary proofs of two 'folklore' assertions about 
near-symplectic forms on four-manifolds: that any such form can be 
modified, by an evolutionary process taking place inside a finite set of 
balls, so as to have any chosen positive number of zero-circles; and that, 
on a closed manifold, the number of zero-circles for which the splitting 
of the normal bundle is trivial has the same parity as 1 + b\ + ■ 



1. Statement of results 

In this paper we establish some properties of near-symplectic forms, as 
defined in pQ: 

Definition 1.1. A two- form uj on an oriented four-manifold X is called 
near-positive if at each point x E X, either (i) {to A oj)(x) > 0, or (ii) 
u(x) = and the intrinsic gradient (Vw)(x) : T X X — > A 2 T*X has rank 3 as 
a linear map. It is near-symplectic if, in addition, du; = 0. 

To clarify: at a point where u>(x) = 0, there is an intrinsic gradient 
(V v uj)(x) 6 A 2 T*X in the direction v, for any v E T X X, because x is a zero 
of a smooth section of a vector bundle. If u> A uj > in a neighbourhood 
of x then (V v o>) A (V v ui) > for all v E T X X. The wedge-square quadratic 
form A 2 T*X (g> A 2 T*X -> A 4 T*X -> M 4 , which is defined up to a positive 
scalar, has signature (3,3), so to say that (Vw)(i) has rank 3 is to say that 
its image is a maximal positive-definite subspace for the wedge-square form. 

Lemma 1.2. The zero-set = {x E X : u x = 0} C X of a near-positive 
form to E £l 2 x is a smooth 1- dimensional submanifold. 

Proof. Take z E Z u . Working over a small ball B 3 z, choose a three- 
plane subbundle E C A 2 T*B such that E z is complementary to im(Vw)(z). 
Project uj\b to a section uJ of (A 2 T*B)/E. Then (VoJ)(z) is surjective, 
so, shrinking B if necessary, U vanishes transversely along a 1-submanifold 
Z C B. Moreover, T X Z = ker(Vw)(x) for x E Z, so u is constant along Z; 
hence 2 = 2 w n5. □ 

A smooth path of two-forms {wt}te[o,ii can be regarded as a section u>. of 
the pullback of the vector bundle A 2 T*X to [0, l]xl 

Definition 1.3. Define a near-symplectic cobordism on X to be a path 
{^Itefo.i] °f closed two-forms such that for all (x,t) E X x [0,1], either 
(i) o; t (x) A LO t (x) > 0, or (ii) cot(x) = 0, and (Va;,)(t,x) has rank 3. Here 
(Vw,)(t,a;) is the intrinsic gradient on [0, 1] x X. 
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When ujq and w% are near-symplectic, the zero-set Z = \J te r y {t} x Z^ t 
of the cobordism u m is a smooth surface in [0, 1] x X, realising a cobordism 
between and 

In this article we prove the following: 

Theorem 1.4. Suppose that the connected, oriented four-manifold X car- 
ries a near-symplectic form loq whose zero-set has n components, where 
n > 1. Then 

(1) there is a near-symplectic cobordism {wt}tE\o,l\> constant on the com- 
plement of a ball in X, such that the zero-set of uj\ has n + 1 com- 
ponents; 

(2) if n > 2, there is a near-symplectic cobordism {wt}te[o,i\> constant 
on the complement of a ball in X, such that the zero-set of u>\ has 
n — 1 components. 

In either case, the zero-surface Z of the cobordism realises an elementary 
cobordism between the zero-sets of ujq and uj\ : the projection Z — » [0, 1] is a 
Morse function with just one critical point, of index 1. 

The proof given here is elementary — it relies on stability arguments a la 
Moser. We shall show that given any pair of disjoint arcs embedded in the 
zero-set of cuo, and a path in X connecting interior points of these arcs, 
one can find a near-symplectic cobordism whose zero-surface is the result of 
attaching a (2-dimensional) 1-handle to the pair of arcs so that the core of 
the handle is the chosen path. Thus, given arcs on two distinct components 
of the zero-set, one can join them up to make a single component. On the 
other hand, taking the arcs to to be on the same component, the surgery 
increases by one the number of components. 

A statement similar to Theorem 11.41 is mentioned in Taubes' 1998 ICM 
lecture [TO], with attribution to unpublished work of Karl Luttinger. After I 
had written a draft of the present article, Taubes sent me a preprint, which 
has now appeared as [12], in which he also shows that the number of zero- 
circles can be increased or decreased by a local modification. His approach 
also uses 1-handle addition, but aside from that it is different. It does not 
proceed through an evolution of the forms, and so does not include the 
cobordism statement, but rather through a 'mutation' in which one removes 
a ball whose intersection with the zero-set is a pair of arcs, then invokes 
Eliashberg's classification of overtwisted contact structures to argue that it 
can be glued back so that the ends of the arcs match up differently. Taubes 
also proves by means of a 'birth' model that any near-symplectic form is 
near-symplectically cobordant to one with one more zero-circle. 

As a simpler variant, one can deduce the following weaker statement from 
a result of Calabi: 

Proposition 1.5. Let uo be a near-symplectic form on an oriented four- 
manifold whose zero-set has n > components. Then there is a near- 
symplectic form whose zero-set has n + 2 components and which coincides 
with uj outside an embedded ball. 

Proof. We consider near-symplectic forms loj^ on R = M 3 x K which arise 
from functions / € C°°(IR 3 ) and metrics g on M. 3 which coincide with the 
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Euclidean metric go outside a compact set: 

u>f : g = df Adt + * g df. 

The two- form Uf j9 is closed if and only if df is g-coclosed. If / is Morse then 
Uf g is near-positive, and its zero-circles are in bijection with the critical 
points. For example, when fo(x) = xs we recover standard symplectic M : 

W /o,90 = W M 4 - 

In p], Calabi gives a recognition criterion for a closed one-form to be 
coclosed with respect to some metric. As an example, he shows that one 
can start with the function /o = 23 and modify it to a function fx which 
coincides with fi outside a closed ball of chosen radius r, such that df\ is 
gi -coclosed for some g± standard outside the r-ball. 

By Darboux's theorem, there exists r > such that the open ball -D 4 (0; 2r) 
of radius 2r, with its symplectic form wj 0i50 , embeds into our near-symplectic 
manifold. We can then plug in in place of wj 0j90 , which has the effect 

of increasing by two the number of zero-circles. □ 

Example 1.6. When X is closed, connected, and not negative-definite, 
there are near-symplectic forms with arbitrary positive numbers of zero- 
circles. The existence of a near-symplectic form in this situation is well- 
known, and can be proved either using Hodge theory as in [8l E] — an argu- 
ment which originated in the 1980s — or via handle decompositions and the 
flexibility of overtwisted contact structures [3] . 

Remark 1.7. Let cuq, u\ be two near-symplectic forms on a closed manifold 
X. Assuming either that b^{X) > 1, or that they represent the same coho- 
mology class, these forms are near-symplectically cobordant (in C k , k < 00) 
by the work of Honda [6, Thm. 2.24]. When lvq and lv\ are symplectic, the 
zero-set of a cobordism projects to an orientable surface in X whose homol- 
ogy class is presumably determined by ci(X, loq) — ci(X, uj{). Supposing this 
vanishes, one can ask whether there are constraints on the topology of the 
surface, or on the function on it defined by the t- coordinate of the cobordism. 
For example, when a three-manifold M fibres over S , there is a standard 
construction of a symplectic form on S 1 x M. Given two possibly inequiv- 
alent fibrations on M, representing the same class in /^(MjZ) and having 
the same Euler class in H 2 (M;Z,), it is not clear whether the associated 
symplectic forms need be deformation-equivalent. One could try first to use 
Morse theory on M to construct a near-symplectic cobordism between them 
whose zero-set is a union of product tori, and then to attempt to modify this 
cobordism so that its zero-set becomes empty. 

I also learned the following topological statement from Taubes' lecture 
|10j : he attributes it to Gompf. Though proofs are no doubt known to a 
few experts, no proof has appeared in print (and this one was worked out 
independently). 

A near-symplectic form u> determines a splitting of the normal bundle 
Nz u /x i^o two sub-bundles, on which the quadratic form N Zu> ix — > 
v 1— ► (l(z)V v uj,v) is respectively positive- or negative-definite; here z is a 
non- vanishing tangent vector field on Z w . One of these bundles has rank 
1. A component of Z u over which this line bundle is topologically trivial is 
called 'even'; one for which it is non-trivial is called 'odd'. 
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Theorem 1.8. The number of even circles in the zero-set of a near-symplectic 
form on a closed, connected four-manifold X is congruent modulo 2 to 
l- bl (X) + bt(X). 

For example, there is an even number of them when X admits an almost 
complex structure. 

In the proof of Theorem 11.41 two chosen components are joined together 
to form a single circle. The new circle has even parity if and only if the 
parities of the two old circles were different. 

The zero-set is always nullhomologous: it is dual to the Euler class of 
A+, which is zero [1] (its components might not be nullhomologous, how- 
ever). Here is a brief indication of the proof of Theorem 11.81 in the special 
case where the zero-circles are contained in disjoint balls B{. On the comple- 
ment of the balls, the form distinguishes an almost complex structure J, up 
to homotopy. This has a first Chern class, which extends uniquely to a class 
c € H 2 (X;Z). The number ±(c 2 - 2e(X) - 3a(X)), which reduces modulo 
2 to 1 — bi + b~2 , is the obstruction to extending J over the punctures. Each 
odd circle makes an even contribution to this obstruction, and vice versa. 

The general case can be reduced to this one by carrying out surgery on 
all the circles so that they bound disjointly embedded discs. 

Remark 1.9. Given a near-symplectic form on X with m even and n odd 
components, there is another with ml even components and n' odd compo- 
nents provided that m — m' is even and m! + n' > 0. To see this, first 
reduce the total number of its zero-circles to or 1. Pairs of even circles 
can then be introduced as in the proposition above. By Theorem \1.4\ a pair 
of even circles can be fused to give a single circle, which by Theorem \1.8\ is 
necessarily odd. 

The remaining question is to determine when the last remaining zero- 
circle (if it is odd) can be removed so as to obtain a symplectic form. 

Acknowledgements. Much of the work presented here appeared in the first 
chapter of my doctoral thesis (Imperial College London, 2005), and I am 
indebted to my Ph.D. supervisor, Simon Donaldson, for useful discussions 
about near-symplectic geometry. Thanks also to Carlos Simpson for sending 
me a copy of the unpublished manuscript [9 J ; it contains an example which 
we build on here. 

2. Local near-symplectic geometry 

A two-form is near-symplectic if and only if it is self-dual and harmonic 
for some conformal structure and vanishes transversely as a section of the 
bundle A + of self-dual forms. This follows from the following lemma (see 
e.g. [1]): 

Lemma 2.1. (a) Let X be a 4-manifold with chosen conformal structure. 
Let uj G be a transverse section of A + . Then uj is near-positive. 

(b) Let uj be a near-positive form on an oriented A-manifold X. The 
following sets are in canonical bisection: 

(1) conformal structures making uj self- dual; 
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(2) positive- definite three-plane sub-bundles A + C A 2 ^ having cj as sec- 
tion; 

(3) almost complex structures J on X \ Z^ such that gj(-, •) := cj(-, J-) 
defines a metric whose conformal class extends to one on X. 

(c) These sets are non-empty, and contractible in the C°° topologies. 

The following self-dual form B on Euclidean R 4 is the prototypical near- 
symplectic form: let (t, Xi,X2, £3) denote standard, positively-oriented coor- 
dinates. Write 

f3\ = dt A dx\ + dx2 A dxs, 

(1) 02 = dt A dx2 + dx3 A dxi, 

/?3 = dt A cfcc3 + dx\ A da;2- 

Define 6 £ f2 2 4 by 

(2) e = x 1 /5i+x 2 /3 2 - 2x3/33, 

so that G 2 = 2(x 2 + x| + 4x|) (it A cfei A <ix 2 A <ix3. The form is near- 
symplectic with zero-set Zq = {xi = X2 = %3 = 0}. 

Two examples of near-symplectic forms with compact zero-set arise through 
symmetries of 0. These symmetries are 

0(t, x) = 0(t -l,x) = 0(i, ax), 

where a(x±, X2, x$) = (x\, — x 2 , — £3). By the first of these, descends to 
a form G ev on S 1 xl 3 . By the second, it descends to a form o dd on the 
mapping torus T(cr) = (K x IR 3 )/(i — l,x) ~ (t,ax). Its zero-set is the 
zero-section of the mapping torus. 

2.1. Birth model (Luttinger and Simpson). The following example is 
from [9] (apart from very slight variations in the formulae): There is a path 
of closed forms {uit}t£[-i/2,i/2] on the unit ball in M 4 ; whose zero-set Z Wt is a 
circle for t > 0, a point {p} at t = 0, and empty when t < 0. They are near- 
symplectic when t^O. Att = 0, (Vw )(f>) has rank 2, but (V r4xR uj,)(p, 0) 
has rank 3. The path is a near-symplectic cobordism. 

We write down such a path as follows. Using positively oriented coordi- 
nates (a?i, X2, X3, X4), and writing dxij for dxi Adxj, define 

(3) C = x 2 {dxi2 + Gfe 34 ) - x 4 (dxi4 + dx 23 ), 

(4) rj t = -{x\ + x% - t)(dxis + dx 42 ) + x 4 (xidx 12 + x 3 dx 32 ). 

Fix any e < 1/2. Set u>t = C + er ?t- Then, on the open unit ball D 4 C 
M 4 , the path {^t}te[-i/2,i/2] bas the properties just described. To see this, 
observe that u>t is a C°°(M 4 )-linear combination of the three forms 

dxu + dxu, dxu + dx 2 3 - e(xidxi2 + xzdxw), dxi 3 + dx 42 . 

A simple determinant computation shows that these span a maximal positive- 
definite subbundle of the two- forms over D 4 when e < 1/2. Hence ujt has 
positive square except at those points where the three coefficients (namely 
X2, x 4 and (x\ +x^ — t)) are zero. At those points, <9 2 u;£ and d 4 0Jt are linearly 
independent, so Vu>t has rank > 2. By including also (x\d\ + x-^d^joJt one 
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finds that Vwt has rank 3 along the zero-set, except when t = and x = 0. 
In that case, the i-derivative is non-zero. 

2.2. Surgery model. We vary the birth model by replacing the family of 
forms rjt by a new family rj' t : 

(5) r/ t = -{x\ - x\ - t)(dx 13 + dx A2 ) + x 4 (xidx 12 - x 3 dx 32 ). 

Taking t € [—1/2,1/2] and e < 1/2, the forms £ + erj' t are near-symplectic 
on D 4 (except when t = 0, where the rank condition fails at the origin). 
However, the zero-set is now {(cci, 0, £3, 0) : x\ — x\ — t = 0}. Thus as t 
passes through zero, the zero-set undergoes a surgery (it changes by addition 
of a one-handle). When t = 0, V(£ + er]' )(p) has rank 2 at the double point 
p of the zero-set. This model is again a near-symplectic cobordism. 

2.3. Geometry near the zero-circles. Taubes [11] has established the 
following picture of the differential geometry of a near-symplectic form u 
near its zero-set Z = Z u . Fix a metric g with * g uj = u, and identify the 
intrinsic normal bundle N%/x with the metric complement (TZ)^~. 

(a) Vw defines a vector bundle isomorphism N^/x ~^ A + \z- I n particular, 
there is a universal procedure for orienting Z (as for the zero-manifold of 
any transverse section of an oriented vector bundle). 

(b) Let z (resp. £) denote the unit-length oriented vector field (resp. 
one-form) on Z. The map 

A + U -> (N z/X )*, rj^t(z) V 

is a bundle isomorphism; its inverse is a w (£ A a) + *(£ A a). 

(c) We have a sequence 

a r Voj . i | l(z) , AT \% metric Ar 

^z/x ► A + | z ► (^z/x) ► Nz/x> 

whose composite we denote by S U) g € End(N z / x )- The endomorph ism S{jj q 
is a self-adjoint, trace-free automorphism. 

(d) It follows that, at each point of Z, Su, g has a basis of eigenvectors, 
and that two of its eigenvalues are positive and one negative (this statement 
pins down our convention for the universal orientation rule). The positive 
and negative eigenspaces trace out eigenbundles and L~ (here L~ has 
rank 1 and is obviously locally trivial; is its orthogonal complement). 
Thus N z/X = L+ ®L-. 

The auxiliary choice of metric is actually irrelevant. Whilst there are 
many conformal classes [g] which make uj self-dual, they are all the same 
along Z , because for z G Z, they satisfy im(Vu>)(z) = Aj^ g . The sub-bundle 

TZ 1 - C TX\z is therefore intrinsic to uj. 

We condense these points into a metric- free statement: 

Proposition 2.2. A near-symplectic form lo determines 

(1) a canonical orientation for the 1-manifold Z^; 

(2) a canonical embedding of the intrinsic normal bundle Nz^/x as a 
sub-bundle ofTX\z complementary to TZ; 

(3) a conformal class of quadratic forms on N z /x> °f signature 

(2,1); 
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(4) a vector bundle splitting N Zuj / x = L + © L , such that is positive- 
definite on L + and negative-definite on L~. 

A trivial three-plane bundle over 5 1 admits precisely two topological split- 
tings, distinguished by the orientability of the summands. Thus a basic in- 
variant of a near-symplectic form u is its 'parity function' e w : ttq{Z w ) — ► 
Z/2, which sends a component-circle V of Z u to (wi(L~), [r]). 

This function is equivariant under oriented diffeomorphisms, and invariant 
under isotopies of near-symplectic forms Ut (note that the topology of the 
zero-set cannot change if all the uj t are near-symplectic). 

Each of the model forms ev and o dd defined afer ([2]) vanishes along a 
circle, and their parities are those suggested by the notation. 

3. MOSER-HONDA DEFORMATION ARGUMENTS 

The extent to which the Moser deformation argument from symplectic 
geometry applies in the near-symplectic setting was worked out by Ko Honda 
[5]. He showed that any near-symplectic form can be deformed, through 
near-symplectic forms with fixed zero-set, so that near a chosen zero-circle 
it embeds into CV or o ddQ We use Honda's method — a careful application 
of Moser's argument on the complement for the zero-set — to prove a slight 
variant of this result: 

Lemma 3.1. Let lo € Q x be near-symplectic, and let A be a closed arc 
embedded in its zero-set Z w . Let U be a neighbourhood of A. There exists 
a smooth family {^ s } s e[o,i] of near-symplectic forms, with constant zero-set, 
such that io s {p) = uj(p) if s = or p £ X\U, and where u\ is standard near 
A in the following sense: there is an orientation-preserving open embedding 
i: [—1, 1] x D 3 (0;r) —* X, for some r > 0, mapping [—1, 1] x {0} to A, such 
that i*oo\ = 0. 

Here D 3 (0;r) denotes the open ball of radius r centred at G K 3 . 

Proof. 1. There is no loss of generality in assuming that X = (—2,2) x 
L> 3 (0; r); that the zero-set of u is Z = (-2, 2) x {0}; that A = [-1, 1] x {0}; 
and that U = (—1 — e, 1 + e) x D 3 (0; r'), for some r' < r. Writing t for the 
coordinate on (—2, 2), we may suppose that dt is a positively oriented vector 
field on Z for the orientation determined by to. 

Take a metric g for which u is self-dual. We can then find an orthonormal 
frame (ei,e2,es) for N Z j X such that L+ = span(ei,e2) and L~ = span(es). 

The metric and the choice of ei give rise to normal coordinates (t, x\,X2,xs) 
near Z, identifying a small neighbourhood with (— e, 1 + e) x D 3 (0;r"). We 
then have three basic two-forms /3j, as in (pQ). In the basis (ei,e2,e^), the 
linear map Su, g (t) (see Section [273]) is represented by a trace-free symmetric 
matrix S(t) = S + (t) ©5 _ (t), where S + (t) is 2 x 2 and positive-definite, and 
S~(t) < 0. Regarding x and (3 as column vectors, we have an expansion 



One can do without the preliminary deformation at the price of a loss of smoothness. 
Given two near-symplectic forms u>o, ui, with zero-circles Zq, Z\ of the same parity, one 
has ip*uii — u>o near Zo for some map ip: nd(Zo) — + nd(Zi); however, if) is in general only 
Lipschitz continuous along Zq (it is C°° elsewhere). 
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near Z: 



u(t,x) = x-S(t)P + 0(\x\ 2 ) 

= (xi x 2 ) S+(t) ( ^ ) + x 3^(t)/3 3 + 0(\x\ 2 ). 

The advantage of paying attention to the eigenbundle splitting is that one 
can then apply convexity arguments. 

Define S = (1 — s)u + s(xi@i + X2P2 — 2x3/33). On a small neighbourhood 
of Z, this is a family of near-symplectic forms, with common zero-set Z. 

2. On the total space of a vector bundle with a chosen metric one has the 
following explicit Poincare lemma. Let p: V — ► M be the bundle projection, 
i : M — > y the zero-section. Let /it : F — > V be the fibrewise dilation 
x 1— > tx, and i? the Euler vector field, that is, the vertical vector field defined 
on any fibre V x by R(y) = Yl Uj~5^i where the yj are orthonormal Euclidean 
coordinates on V x . The map 

H-.Sfy^ilf 1 ; a, 1 — > f /ij(t(i2)a)t -1 <ft 

■/ 

satisfies a — p*i*a = d{Ha) + Hda. Notice that if a vanishes along i{M) 
then H{a) vanishes to second order along i(M). 

Applying this to a neighbourhood of the zero-section in Nz/xi we find 
that r/ s := H{6 S ) vanishes to second order along Z, and satisfies dr/ s = 9 S . 

3. Let U' C U be a neighbourhood of A on which # s is defined and near- 
symplectic. Take a non-negative cutoff function x, supported in U' and 
identically 1 near A. We choose x to have the shape = xi(OX2(|x|) 
for functions xi> X2 £ C 00 (M). Introduce the vector fields w s onX\Z defined 
by + x% = 0. 

The family {f s } se [o,i] generates a flow {4> s } S £[o,i] on X \ Z, supported 
inside U. The reason is that, along Z, V^ s (w) is non-zero for all 7^ u G 
N z / X , while V(x%)( u ) = 0, so that 1^(^)1 ^ near Z, for some constant 
k. A trajectory x s , defined on some interval [0, s'], satisfies ^(log \x s \) > —k; 
integrating over [0, s'], we obtain \x s i\ > e" fcs '|xo|. This shows that the 
trajectory stays inside X\Z, and therefore that <j) s is defined. 

Now define lo' s by setting u' s = <p*uj on X \ Z and u)' s {z) = for z € Z . 
Outside U we have uj' s = to. Moser's argument shows that uj' s = 6 S in some 
neighbourhood of A. 

The path lo' s gives an isotopy with all the required properties, except 
one: u>' s fails to be smooth at certain points of Z — the points where Xi(^) is 
non-constant. At those points, its coefficients might merely be Lipschitz. 

4. The 'problem-points' of uj' s lie strictly inside a pair of regions R- = 
I- x Z) 3 (0;ri) C U\A and R + = I + x Z) 3 (0;r 2 ) C U\A, for closed intervals 
/_ C (—1 — e, —1) and I + C (1, 1 + e). The map (p s embeds R- U R + into 
X, and acts as the identity along Z. We can extend these embeddings 4> s 
to a path of homeomorphisms s 1— > ip s G Homeo(A), such that (i) ipo = id; 
(ii) supp(^ s ) C U; (iii) 4>s\(r_ur+) = 4>s\(r_ur+^ ( iv ) the onl y points where 
smoothness fails (smoothness of ip s , or of the path) are inside R + U R- ; and 
(v) <p s is the identity in a neighbourhood of A. 
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Finally, setting oj s = tp s u uj' s , we obtain a smooth path with the required 
properties. □ 



4. Proof of Theorem 11.41 



Let 9 be near-symplectic, and Zq, Z\ two components of Z = Zq, not 
necessarily distinct. Take distinct points po € Zq and p% € Z\, and a smooth 
path 7: [0,1] — > X from po to pi, transverse to Z, with 7 _1 (Z) = {0,1}. 
The plan is this: first, we show how to modify 9 so that it is standard in some 
neighbourhood N of im(7). We then exhibit a path of forms on N, constant 
near dN, which realises a surgery on zero-sets; these can be plugged into 9. 

The delicacy lies in finding a variant of our earlier 'surgery model' which is 
a constant path of forms outside a suitable neighbourhood of the origin. This 
is awkward partly because we cannot control the shape of the neighbourhood 
TV: in local coordinates we can take it to be an ellipsoid, but it might be 
very thin. 

Definition 4.1. A letter H in a near-symplectic manifold (X,9) consists of 
three smooth embeddings v\,V2, h: [0, 1] — > X, such that «i(l/2) = h(0) and 
^2(1/2) = h(l) (transverse intersections), with no other intersection points. 
We require that im(ui) and im(v2) lie in the zero-set Zq. The interior of the 
arc im(h) joining them then necessarily consists of symplectic points. 

Lemma 4.2. Let Hi be a letter H in (Xi,9i), for i = 0, 1. Then 9o is 
isotopic, through near-symplectic forms with fixed zero-set, to a form 9$, such 
that there are regular neighbourhoods nd(PTj) D Hi and a diffeomorphism 
4>: nd(PT ) -> nd(#i) with <f)*9 1 = 9' . 

Proof. We may assume that we are in M , and that H\ coincides with Hi- By 
Lemma [3. H we may also assume that 9\ and 9<i coincide in a neighbourhood 
of the two vertical arcs. 

Let P be the 'horizontal stroke' im(/i) in the letter H. For definiteness, say 
P = [—1, 1] x {(0, 0,0)} C M 4 . We claim that there exist linearly independent 
vector fields (v\ = d xl ,V2,Vs,v^) along P such that the matrix {9o(vi,Vj))ij 
takes the form 



and also linearly independent vector fields (v[ = d xi , v^v^v'^) along P such 
that the matrix (#1(1^, Vj)) takes the same form (for the same function A). 
Moreover, we may assume that, near dP, where #0 an d 9\ coincide, we have 
(v'^v'^v'^v'z) = (v 1 ,v 2 ,v 3 ,v i ). 

To see this, decompose P into three subintervals: Pi = [0, 5] x {(0, 0, 0)}, 



P 2 = ([J, 1 - S\) x {(0, 0, 0)}, P 3 = [1 - 5, 1} x {(0, 0, 0)}. If 5 is small, we can 



find such frames over Pi U P3, and we may assume, rescaling as necessary, 
that the function A is identically equal to 1 near the interior endpoints of 
Pi and P3. Over P2, we can find symplectic trivialisations of the tangent 
bundle, for either form, and since the symplectic group is path-connected, 
we can make these trivialisations match those on Pi and P3. 

There is now an open neighbourhood Ni D P and a diffeomorphism 
$ : Ni — ► JVi, such that <J?(x) = x if x G P or x lies close enough to dP, and 
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such that, along P, D&(vi) = v[. Define 

9 s = (l-s)O o + s<S>*0ien 2 Nl , a 6 [0,1]. 

There is a smaller open neighbourhood iV2 D P on which these forms are 
near-symplectic . 

The function s i— > 9 S E has constant derivative d9 s /ds = &*u>o — 9q. 
We may write d9 s /ds = da, where a € fijy vanishes near dP. Since 9 S is a 
constant path along P, we may assume further that a vanishes along P. 

Take an open set N 3 D P with N 3 C N 2 , and a cutoff function M 4 -> [0, 1] 
such that x(-^a) = {1} an d x0^ 4 \-^2) = {0}. Define a family of vector fields 
v s on R 4 , supported on N 3 , by l(v s )9 s + x a = 0- These fields are zero near 
the common zero-set of the 6 S . The family {v s } generates a flow s i-> F s , 
which acts as the identity along P. The near-symplectic form F*9q coincides 
with 9q outside N 2 and with 9% = <&*9o in some still smaller neighbourhood 
of P, say N4 C N 3 . The result follows. 

□ 

4.1. Sharpening the surgery model. The forms appearing in our surgery 
model fit into a larger family, which contains different examples more amenable 
to embedding in other manifolds. 

For any smooth function / : R 2 — ► R, set 

7] f = f(xx,x 3 )(dx 13 + dx i2 ) + Xi{—^dxi2 + -^-dx 32 ); 
u) f = £+-?/. 

Here £ is as in Q. Note that ry and £ are closed. If the condition 
(6) 



2 df df 
x A -^ h x 2 x 4 - — 

(7X3 OTi 



holds then u* Au' > (s| + x|)dxi234. Moreover, (a;-' A cj^)(a;i, 0, 23, 0) = 
2f(xi,x 3 ) 2 dx\2 3 4- Hence u* satisfies the dichotomy that at any point it 
either has positive square or is zero. 

We now work in Us = {\xi\ < 2, [373! < 2,x 2 -\-x\ < 5}, where S < 1. Put 

(7) /(xi,x 3 ) = \(x 2 3 -l). 

For this /, condition ([6]) holds, and u* is near-symplectic in Us- Its zero-set 
consists of the two straight line segments, {X3 = ±1, x 2 = X4 = 0}. 

Lemma 4.3. There is a smooth family of functions ff : [—2, 2] x [—2, 2] — > R, 
parametrised by 5 € (0, ^] and t 6 [—1, 1], wit/i i/ie following properties: 

• f-i = f, the function appearing in 

• is independent of t outside the square [—1 — 25, 1 + 25] x [— 1, 1]; 

• when t < 0, the zero-set of ft consists of two arcs, homotopic to 
those of f ; when t = 0, the zero-set is a letter X; and when t > it 
again consists of two arcs, connecting the endpoints the other way. 
Moreover, the vanishing is of order exactly 1, except at the singular 
point when t = where it is quadratic; and 

• ff is bounded in C 1 , uniformly in t and 5. 
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Proof. See Figure 1 for contour plots showing what such a family might look 
like. They show five different lvalues for a fixed 6. Each box represent the 
square [—1 — 26,1 + 26] x [—1 — 26,1 + 26}. The functions are ^independent 
outside this range, and f s _ 1 = f, so the values of the functions on the 
contours are implied by the points at which the contours hit the boundary 
of the square (all contours do hit the boundary). The bold contours are the 
zero-sets. 

Begin by constructing smooth functions ff : [—2,2] — > R as in the final 
picture, taking the zero-sets to be 5-independent and the functions to be even 
in both variables. Then sup \ff\ = 3/4 and the derivative of ff is uniformly 
bounded (note that it is at most 0(6) on the region where ff < 0). Now 
define ff = ^+rf + ^o^ff • It is not immediately clear that the contours of 
ff resemble those in the pictures. However, if we choose ff so that dff/dx\ 
vanishes only where x\ = 0, we find that for t > —1, the only zero of ff in 
(— 1 — 26, 1 + 26) x (—1 — 26,1 + 26) which is a critical point of / is the origin. 
Moreover, the origin is critical for just one i-value (shown as t = 0.5 in 
Figure 1), and this is a non-degenerate critical point. For all other t- values, 
the zero-sets are smooth, and hence evolve by smooth homotopy. It follows 
that the family {//} satisfies the requirements of the lemma. □ 

Returning to the construction of our refined surgery model, we fix {//}, 
and determine an e € (0, 1] such that the functions tf\ all satisfy condition 
([6]) in Us- This is possible because of the uniform C 1 bound. 

Given a letter H in a near-symplectic manifold (X, 9), we can perturb 9 
with fixed zero-set to a new form 9', and embed the form uj e $ in the region 
{\x\\ < 6, \x 3 \ < 1 + 6,x\ + x\ < 6} into (X, 9') along the H. 

We choose to reparametrise M 4 by the dilation D$: (xi,X2,xs,X4 : ) 
(6xi,X2,xz,x/i), which leaves / invariant; so we have an embedding of D* & uj e f 
on the region Us into (X, 9). We have 

D$( = x 2 (6dxi2 + dx 34: ) - x^dxu + dx 2 3), 

D 8V f = 7(^3 _ l){6dx 13 + dx 4 2) + ]jX^Xidx- i2 - 

Consider the family of forms 
(8) 

nf := DIC + y (ff( Xl ,x 3 )(6dx 13 + dx A2 ) + M^dxn + ^dx 32 )\ . 

We observe, for any fixed 6, the path 1 1— ► is a near-symplectic cobordism. 
Indeed, the estimate © for ef\ implies that (Of) 2 > 6(x\ +£4)^x1234, while 
on the plane where x 2 = X4 = we have (Of) 2 = ^-(ff) 2 - 

4.2. Stability arguments. The formula ([8]) defines a path of forms 
independent of t when (x\,x 3 ) lies outside a certain neighbourhood of £ 
R 2 . Moreover, Ol 1 embeds in our near-symplectic manifold, for some 6. We 
would now like to refine the path so as to make it constant outside a suitable 
neighbourhood of the origin in M 4 . We will achieve this using a stability 
principle from contact geometry — effectively, a refined Moser argument: 
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Figure 1. Contour plots for the functions f\ , as t varies 
from — 1 to 1. 



Proposition 4.4. Let {uJt}te[o,i] be a smooth path of symplectic forms on a 
manifold M , and let H C M be a compact, orientable hypersurface. Suppose 
that there exists a smooth path of one-forms at on M , with dat = oJt, all 

12 




Figure 2. Diagram of an (xi, X2, X4) -section. The stability 
argument is to be applied to the cylindrical hypersurface C$ 
depicted here. The path of forms is constant except in the 
portion C' s between the inner ellipses. 



of which are contact forms on H . Then there exists a neighbourhood N of 
H, and smoothly varying embeddings 4>t '■ N — > M, such that (i) <p$ is the 
inclusion; (ii) (f>t(H) = H; and (Hi) (ffuJt = ^o- 

Remark 4.5. By carrying out a topologically trivial surgery on a tubular 
neighbourhood of H , we can rephrase the conclusion as follows: there is a 
new path u' t , with uj'q = ujq, which coincides with the old one outside a small 
neighbourhood of H, and which is constant on H. 

Proof. Let \ be the Liouville vector field, characterised by t(\t)ujt = at- It 
defines an embedding 

et : [-e, e] x H -> M, (s, x) i-> flow sAj (x), 

where e is chosen small enough that the flow of Xt exists on [— e, e], for all 
t, and we have efd(e s at) = cjf By Gray's stability theorem, there is a path 
t 1— > f t e Diff(H), with /o = id, satisfying f£at = e 9t ao for some functions 
9t- Put 

(pt = e t o (e~ 9t x f t ) o e 1 

on a neighbourhood N of H where eg 1 is defined. Then <f>t restricts to H as 
ft, and (jf t uj t = ujq. □ 

We note that if the path at is constant in a (Liouville) tubular neigh- 
bourhood N(H') of a region H' C H, then the resulting embeddings 4>t are 
inclusions in N(H'). 

We shall apply this to (a part of) the boundary of the region U$. The 
portion of dU$ of interest is the subset 

C 5 = {M < 2, |x 3 | < 2, xl + xl = 5 2 }. 

We consider the path of forms £1$ near dUs- This path is constant except 
on the subset C' s C C$ of points satisfying max(|x3|, |xi|) < 1 + 25. The 
situation is shown schematically in Figure 2. The one-form 

a = X2X\dx2 — X4X\dx4 — x^x-idx?,- 
13 



satisfies da = £. Moreover, d{x\ + x\) A a A da = ^[x\ + ^4)^1234, which 
shows that a is a contact form on each positive level set of {x\ + x 2 ). Thus 
D$a is contact on C$. 

Recall that 0,f is the sum of terms -D|C> 5ed(xiffdx2), and 5 2 effdx\^. We 
need primitives 7* for ffdxi^,. We choose 7* so that its value at x depends 
only on the values of ff along the path s 1— » (xi, 5x2,0:3, SX4). In particular, 
7/ is independent of t at points of C where max(|xi|, \x%\) > 1 + 25. 

Now consider the one-forms D$a + ^{x^ftdx2 + ^7*)- By decreasing e 
(independently of 5), we can ensure that all these forms are contact on C$. 

Finally, apply the stability lemma to the path of contact forms D^a + 
^r{xiftdx2 + Sjf) on C$. This path is constant outside the subset C' s . The 
output, in the version described in Remark 14.51 is a new path of two- forms 
on U$, constant near dU, which can be plugged into our near-symplectic 
manifold near the chosen letter H. 

This completes the proof of the theorem. 

5. The number of even circles 

5.1. Oriented two-plane fields on three- manifolds. The set J(Y) of 
homotopy classes of smooth, oriented two-plane fields £ C TY over an ori- 
ented three-manifold Y is non-empty because e(TY) = 0. A good way to 
describe its structure (one which does not involve choosing a trivialisation 
of TY) is to exploit the classification of Spin c -structures. We review this, 
following Kronheimer and Mrowka [7j- 

On an oriented Riemannian three-manifold, a Spin°-structure t is specified 
by a Hermitian C 2 -bundle S — > Y and a map p: T*Y — » su(§) satisfying 
p(a) 2 = — |a| 2 id. It should also be consistent with the orientation, which 
means that p{e\) p{e2) p{e^) = id§ when (ei, e2, 63) is an oriented orthonormal 
basis for T*Y. 

The isomorphism class of t is an element t of a freely transitive H 2 (Y; Z)- 
set Spin°(y). This set is essentially independent of the metric. 

Proposition 5.1. Oriented two-plane fields are in canonical bijection with 
isomorphism classes of pairs (t, where ^ £ T(Y, 8) is a unit-length 
spinor. 

Proof. The two-plane field associated with (t, ty) is ker(a), the kernel of 
the unique one- form a with |a| 2 = 1 such that p(a) has and ^ /_L as 
i- and — i-eigenspaces. Conversely, an oriented two-plane field £ supports 
a hermitian structure, unique up to homotopy, which induces a hermitian 
structure on the real vector bundle § := T*Y © e 1 = £* (^*) ± © e 1 . Here 
j,*y [ s the image of £ under the metric isomorphism TY — > T*Y, and 
e 1 is the trivial real line bundle. The last summand has an obvious unit- 
length section ^f. The Clifford map p is given, at each point y € Y, by a 
map LffiM — > su(L©C), where L is a 1-dimensional hermitian vector space; 
as such, it can be described using the quaternions HI. Right multiplication 
by j makes EI a complex vector space, with complex subspaces {i, k) and 
(1, j). Left multiplication gives a map (i, k) © (j) — > su(H), which gives the 
model for p. □ 
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It is straightforward to deduce the following results from this correspon- 
dence. We refer to [7J for further explanation. 

Frst, there is a coarse decomposition of J(Y) by isomorphism classes of 
Spin c -structures, slightly finer than that by Euler class: 

J(Y)= (J J(Y,i). 

teSpin c (T) 

For a pair of two-plane fields (£q,£i), representing (to, ti), the difference 
ci(to) — ci(ti) G H 2 (Y; Z) is the classical obstruction to homotopy of £o and 
fi over the two-skeleton, which lies in H 2 (Y ; tt 2 (S 2 )) = H 2 (Y;Z). 

There is then a fine decomposition of J(Y, t): We assume Y connected. 
Then each J(Y,t) is a transitive Z-set: the action j i— ► j[n] of n € Z is 
induced by an automorphism of TY, supported over a small ball in Y: take 
a map (B 3 ,dB 3 ) — » (SO(3),l) of degree 2n, and transfer it to via an 
embedding B 3 <— > F. 

The stabiliser of this action, a subset of 2Z, is the image of the homomor- 
phism 

H\Y)^Z, aw(oUci(t))[y]. 

5.2. Almost complex structures. On an oriented Riemannian four-manifold 
these also have a spinorial interpretation [7J: 

Proposition 5.2. There is a canonical bijection between orthogonal, posi- 
tively oriented almost complex structures and isomorphism classes of pairs 
(s, <£) of Spin -structure and unit-length positive spinor $ € r(8 + ). 

The Spin structure s is specified by hermitian C 2 -bundles § + , 8~ with a 
map p: T*X — > Hom(S + ,S~) such that p*(a)p(a) = |a| 2 id§+. 

We now depart from our review of Kronheimer and Mrowka's ideas. Take 
a compact, oriented four-manifold Xq, with non-empty boundary, and intro- 
duce the set J(Xq,s) of homotopy classes of almost complex structures on 
Xq underlying s € Spin c (Ao). This set admits an action by Hi(Xq, 8Xq; Z): 
for a € J(Xq,s), and an oriented path 7 with boundary in (and transverse 
to) 8Xq, define a [7] by choosing a map (B 3 ,dB 3 ) — > (SO(3), 1) of degree 2, 
and using this to induce an automorphism a of TXq supported in a tubular 
neighbourhood B 3 x [0, 1] of im(7). Choose a representative / for a, and let 
a [7] be the class of a*I. Note that this does represent 5. 

An almost complex structure preserves a unique field [£] € J{dXo) over 
its boundary. Thus there is a 'restriction' map J(Xq,s) — ► J(9A"o,5|gx )- 
The group actions are compatible: (o[7])|ax = ( a l9X )[^7]) where [^7] G 
/A.i'V .\ :',;;■. 

Lemma 5.3. The Hi(Xo,dXo;Z)-action on J(Y,s) is transitive. Its sta- 
biliser is the image of the homomorphism H^(Xq,Z) — ► iJi(Xo;Z), x 1— ► 

ci(s) n x. 

Proof. We can represent orthogonal almost complex structures Jo, J\ in the 
class 5 by spinors \I>o and ^1 = ^^O; fo r a function 9: Xq —* S 1 . Homotopy 
of ^0 an d ^1 is detected by the relative Euler class of S + x [0, 1] — > X Q x [0, 1] : 

(9) e(S + x [0, 1]; * , *i) G i?i(X x [0, 1],0X O x [0, 1]; Z). 
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Indeed, given a cell decomposition of Xq relative to 8Xq, e(S> + x [0, 1]; ^>q, ^1) 
is the obstruction to homotopy over the 3-skeleton; but there is then no 
obstruction to extending the homotopy over the 4-skeleton. 
Put 5(^o, #i) = i(e), where 

i: H^Xo x [0,1], dX x [0, 1]; Z) H^Xq, dX ; Z) 

is the obvious isomorphism. Thus 5(^>o, ^i) is represented by the projection 
to Xq of the 1-cycle of zeros of a section of S + x [0, 1] extending the ^j. 

Now, if a £ J(X,s) is represented by (s, ^o) then a [7] is represented by a 
pair (s, ^1) with 5(^fo, *S>i) = [7]. For, if a G Aut(TX) induces the action by 
7, then (using a standard model for a) the zeros of (1 — i)^o + to*^o occur 
only at t = 1/2 and along 7. Hence J(Xo,s) is a transitive If 1 (Xo , 8Xq ; Z)- 
set. 

The function 9 represents a class [9] G if 1 (Xo , dX$ ; Z) , and 

5(^o, e^ ) = ±ci(s) n PD[0] G #i(X ; Z) (universal sign). 

This can be seen using the linear homotopy (1 — t)^fo + t9^' , where ^' is a 
unit-length spinor homotopic to \I> such that V&o A ^/' vanishes transversely. 
Its zero-set is concentrated at t = 1/2; there, it is the intersection of the 
zero-set of ^0 A (representing ci(S + )) and a level set of 9. Thus the 
stabiliser is as claimed. □ 

5.3. Application to near-symplectic geometry. We can now read off 
from the discussion above that there is an isomorphism of Z-sets J(5" 3 ) = Z, 
and that for S 1 x S 2 we have 

Lemma 5.4. J(5 X x S 2 ) = [] neIj J{S l x S 2 ,i n ), where i n G Spin^S 1 x S 2 ) 
is characterised by (ci(tn), [{t} x S 2 ]} = 2n. As Z-sets, 

JiS 1 x S 2 ,tn) ^Z/(2n). 

Choose disjoint embeddings B A <^-> S 4 and S 1 x B 3 ^ S* 4 , and let be 
the closure of the complement of their images. 

Lemma 5.5. We have 

J(W)= |J J(W,s n ), 

where s n G Spin c (W) is the unique element which restricts to in on S 1 x S 2 ; 
and Hi(W, dW; Z) = Z, where 1 G Z corresponds to a path 7 running from 
S 3 to S 1 x S 2 . Each J(W,s n ) is acted upon transitively by Z, and because 
H l {W;Z) = this action is free. 

There are restriction maps r\ : J(W,s n ) — > J(5' 3 ) and r 2 : J(W,s n ) — > 
J(S' 1 x S 12 ,^), satisfying 

n(o[l]) = (n(a))[-l], r 2 (a[l]) = (r 2 (a))[l]. 

To complete the description of the restriction maps it is necessary only to 
give one pair (ri(a), r 2 (a)) for each n. The case which will be relevant to our 
purposes is n = —1. The sets J{S 3 ) and J(S 1 x S 2 ,t-\) have distinguished 
basepoints, represented respectively by the boundary of the standard com- 
plex structure on B 4 , and by an S* 1 -invariant 2-plane field. Referring to 
these basepoints, we have 

16 



Lemma 5.6. There is an a with (Vi(a), r 2 (a)) = (0, 0) £Zx Z/2. 

Indeed, this follows from the following calculation: 

Lemma 5.7. ev , restricted to {\x\ = 1} and considered as a map S 1 xS 2 — > 
M 3 \ {0} ; extends to a map 5 2 x5 2 ^R 3 \ {0}. 

Proof. A tubular neighbourhood of a circle S* 1 C <S 4 gives a decomposition 

S 4 = (S 1 x D 3 ) U s i xS 2 (D 2 x S 2 ). 

What follows is an explicit model for this decomposition. 

Consider the function / : C 2 -> [0,oo), -z 2 )_= | — 2) 2 + |z 2 | 2 . The 
pair (/ _1 [0, 1], / _1 (0)) is diffeomorphic to (S 1 x D 3 , S 1 x {0}), via the map 

a : (zi, z 2 ) i-> (|^i l" 1 ^! ; - 2, Re(z 2 ), Im(z 2 )) . 

The pullback a*0 ev is given by (zx,z 2 ) i— > (— 2(|zi| — 2),z 2 ). Define 

F: C 2 \ r x (0) -> K 3 \ {0}; ( Zl ,z 2 ) » f(z lt z 2 )~ 1 ' 2 (-2{\ Zl \ - 2), z 2 ). 

Then F = a*@ ev on We consider the map F/\F\, restricted to a 

sphere = {\zi\ 2 + \z 2 \ 2 = R 2 }, R » 0. This map is not surjective ((1, 0, 0) 
is not in its image). But a map S 3 — ► <S 2 which is not surjective has trivial 
Hopf invariant, and hence extends over the four-ball. □ 

Proof of \ 1 . 81 Let no (resp. n\) denote the number of even (resp. odd) circles 
of oj. Choose a Riemannian metric making oj self-dual. We proceed in five 
steps. 

1. We recall from [1] a corollary of Hirzebruch's signature theorem: 
When one has disjointly embedded closed four-balls B\, . . . , Bn C X, and 
a unit-length section A of A + over X \ |J int(5 4 ) with 'Hopf invariants' 
hi(X), . . . /itv(A), the relation 

N 

(c 2 - 2e(X) - 3a(X))/4 = - £ ^(A) 

i=l 

holds. Here c € i? 2 (X;Z) is the unique class which restricts to ci(X \ 
U Bj., A), over the complement of \J Bi. The Hopf invariant hi(X) G [5 13 , 5 2 ] = 
Z is the obstruction to extending A over It could also be viewed as a rel- 
ative Euler number e(S + , A) for the positive spinor bundle over the four-ball, 
with the non- vanishing spinor determined by A over the boundary. 

Since c is characteristic, c 2 = o~{X) mod 8, and so the relation reduces 
modulo 2 to 

(3(X) = J2hi(X) mod 2, 

where we write /3(X) for the integer 1 — b\(X) + b^X). 

2. Let X-y denote the manifold obtained by surgery along an embedded, 
framed, oriented 1-submanifold 7 C X. This means that we excise an open 
tubular neighbourhood of 7 to obtain a manifold Xq; the framing gives (up 
to homotopy) an identification of 8Xq with a number of copies of 5 1 x S 2 . 
To each boundary component we attach the complement of a standard copy 
of B 3 x S 1 C S 4 (this is diffeomorphic to 5" 2 x B 2 ). Then 

/3(X 7 ) = 0(X) + 1. 
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Indeed, f3 = (e + cr)/2. As a cobordism invariant, the signature a is unaf- 
fected by surgery, while a pair of Mayer- Vietoris sequences yields 

e(X') - e(X) = e{S 2 x B 2 ) - e{B 3 xS 1 )=2-0. 

3. We now carry out surgery along Z u . Along each component there are 
two homotopically distinct framings, since 7Ti(SO(3)) = Z/2, but either will 
do here. Note that /3(X') = f3(X) + n + m. 

4. The result of this surgery is a manifold 

JV 

X' = x u |J xi 

i=l 

with standard pieces X' i} and a non- vanishing self-dual two- form u\Xq on 
Xq. Let / be an almost complex structure compatible with u;|A"o. It restricts 
to dX[ to give a class in J(S 1 x S 2 ). This class lies in J(S X x S 2 , t-i), since 
as shown by Taubes [llj, (ci(u>),[{t} x S 2 ]) = —2 with our orientation 
conventions. Because of our choice of framing, this class is the odd or even 
element of J(S 1 x S 2 ,t-i) = Z/2 according to the parities of the original 
circles. 

By Lemma [5 .61 the element a £ J(S 1 x S 2 , t_i) extends over the standard 
manifold W to give an element b G «/(5' 3 ) = Z if and only if a = b mod 2. 

5. The previous steps together give (jl.8jl : the form uj\Xq extends to a unit- 
length section of A+(X' \ U^l™ 1 s i) (where B { is a small ball in The 
sum of the Hopf invariants is n\ mod 2, and we have (3{X) + no + n\ =n\ 
mod 2. □ 
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